Continuing our work in [FRZZ18] , this article is devoted to proving that open-closed Gromov-Witten invariants of K P 2 /µ 3 are quasi-meromorphic modular forms, and generating functions of open Gromov-Witten invariants are quasi-meromorphic Jacobi forms.
Introduction
The modularity of Gromov-Witten generating function of Calabi-Yau 3-folds is a wellknown and yet mysterious phenomenon in Gromov-Witten theory. There is a great deal of works on this subject [ASY + 14, CI18, Zho14] . We should mention that the "modularity" here should be interpreted in a rather general sense. Among them, an attractive class of examples are toric Calabi-Yau 3-folds where an explicit B-model is available via EynardOrantin topological recursion on mirror curve. This mirror symmetry is remodeling conjecture [EO07, BKMP09, BKMP10] proved in [FLZ16] . There are 16 local toric surfaces where the mirror curve is genus one. Naturally, one expects its B-model (and hence A-model via remodeling conjecture) to have modularity in the classical sense.
In [FRZZ18] , we have investigated four examples K P 2 , K P 1 ×P 1 , K P[1,1,2] , K F 1 . Among many things, we showed that its open-closed Gromov-Witten generating functions F X ,L, f g,n are quasi-meromorphic Jacobi forms up to a mirror map. Three of four examples have more than one Kähler classes and its generating function is of multi-parameters. Therefore, we need to restrict F g to some one-dimensional subfamilies. One interesting phenomenon is the multiple-choices of one-dimensional sub-families and the restriction to different onedimensional subfamily of generating functions may have different modular groups! In this article, we continue our investigation to the example K P 2 /µ 3 . In particular, we prove Theorem 1.1. (Theorem 4.5)
under mirror map is in the ring J (Γ) ⊗ (H * (Bµ 3 , C)) ⊗n , where J (Γ) = R {℘ ′ (u i − u r ), ℘(u i − u r )} i∈{1,··· ,n},r∈R , (1.1)
is the differential ring generated by ℘ ′ (u i − u r ) and ℘(u i − u r ), and R = M(Γ) {℘(u r i − u r j )} r i .r j ∈R , η 1 , (1.2)
which is the ring of quasi-meromorphic modular forms.
2. F X g is quasi-meromorphic modular form of some group Γ under closed mirror map. Group Γ depends on the one-dimensional subfamily we choose.
The main reason for the choice of our first four examples in [FRZZ18] is the existence of global hyper-elliptic structure of its mirror curve. Hyper-elliptic structure is crucial in our argument because its ramification points are 2-torsion points and the coefficients of expansion of ℘-function at these points are automatically modular forms for Γ(2). The mirror curve of our example now is not globally hyper-elliptic and we do not know if the ramification points are torsion points, but we can still get modularity property similarly. The main reason is ramification points are intersection of 2 curves with coefficients in function field H/Γ, and the intersection points then are modular functions of some smaller group Γ ′ < Γ. In this article, we choose special subfamily to simplify the computation.
The article is organized as follows. In the section 2, we will briefly review construction of mirror curve and remodeling conjecture in this case. The appropriate one-dimensional subfamily is constructed in the section 3. The main results are proved in the section 4. In many ways, this article is a continuation of [FRZZ18] . We were informed that a general treatment for remaining local toric surfaces are prepared in a up-coming work of Fang-LiuZong.
Revisit Remodeling Conjecture

Mirror curve construction
The main reference of this subsection is [FLZ16] . Let X = K P 2 /µ 3 , defined by a fan Σ ⊆ N R . N = Z 3 is a lattice of rank 3. Σ(1) = {ρ 1 , · · · , ρ p ′ +3 } is set of 1-dimensional cone of Σ, and b i ∈ ρ i ∩ Z is integral generator of ρ i . Since X is Calabi-Yau, all b i , i = 1, · · · , p ′ + 3 lie in a hyperplane of N, and assume it to be N ′ := Z 2 × {1} ⊆ N, so b i = (m i , n i , 1). After change of basis of N ′ , assume that b 1 = (r, −s, 1),
Let σ 0 is a 3-dimensional cone with b 1 , b 2 , b 3 as edges, and τ 0 is a 2-dimentional subcone with b 2 , b 3 as edges. As is shown in below picture σ 0 is the cone over shadowed triangle and τ 0 is the 2 dimensional cone over the vertical edge of σ 0 .
Trianglized defining polytope of K P 2 /µ 3 ,
and there is a exact sequence of group homomorphism,
where L ∼ = Z p . Applying tensor product by C * to (2.2),
Applying Hom(−, Z) to (2.2), we have a long exact sequence,
Extended nef-σ cone is defined as,
and extended nef cone of X is
Assume
and define a monomial of q = (q 1 , · · · , q p )
Then the miror curve, denoted by C q , has equation
The compactification of mirror curve C q is the natural compactification when embedding C q ֒→ P ∆ . Let U be moduli space of complex structure of C q over which C q and C q are smooth.
Aganagic-Vafa brane
Let T ′ = N ′ ⊗ C * and T ′ R be maximal compact subgroup of T ′ . From the construction of toric Calabi-Yau orbifold, action of T ′ R preserves the Calabi-Yau structure of X . The corresponding moment map of this Hamiltonian action is
(2.13) Let X 1 be the union of T ′ R invariant 0-dimensional and 1-dimensional orbits. The image
, with an additional condition that when we write X as GIT quotient C p+3 (C * ) p , then sum of angles of Z i on L is constant. L is called outer Aganagic-Vafa brane. Assume the 2-dimensional cone corresponding to the outer leg is the one considered in last section τ 0 . In our example, L ∼ = C × S 1 /µ 3 .
Open-closed Gromov-Witten invariants
is moduli space of stable maps from a Rieman surface of g holes n boundaries and h markings to (X , L).
where F is the toric
It takes value in H * CR (Bµ m , C). When n = 0, it recovers closed Gromov-Witten potential which is denoted by F X g .
Statement of remodeling conjecture
Remodeling conjecture, proposed in [BKMP09, BKMP10] , relates A-model open-closed Gromov-Witten invariants with B-model Eynar-Orantin topological recursion invariants under mirror map proved in [FLZ16] .
Consider the mirror curve constructed before. Assume p : C q −→ C q , is the Z 2 cover map. Then closed mirror map is given by
where
Bergman kernel B(p, q) normalized by {A i } is a meromorphic symmetric bidifferential 2-form on C q × C q characterized by
• B(p,q) is holomorphic except that it admits 2 order of pole on diagnal.
•
In our example, the compactified mirror curve is genus 1, so g = 1. Choose a base point o and we have Abel-Jacobi map,
Then the Bergman kernel has an expression in Jacobi coordinate
with η 1 = π 2 3 E 2 . We use Schiffer kernel S(p, q) as anti-holomorphic completion of Bergman kernel, such that it is independent the choice of Torelli marking and can be extended to the whole moduli space of complex structure. The method to do antiholomorphic completion is explained in [EO07] .
(2.27)
and lim
(q * , p J ) . (2.29)
Assume the corresponding u coordinate of the open GW points are w l , l = 1, 2, 3, and w l ∈ D l is a neighborhood of w l in J (C q ). and
, and
, l = 0, 1, 2 .
Take limit Imτ → ∞, then we recover ω f g,n . The remodeling conjecture applied to modularity purpose says that
(2.35)
The " = " means that under mirror map and right-hand side expanded near open GW points, two sides are equal.
A special subfamily of mirror curve
Although compared with the example in [FRZZ18] , mirror curve of K P 2 /µ 3 has no hyperelliptic structure, and the ramification points are not necessary to be torsion points, we can still get similar results. The reason is that in Eynard-Orantin recursion, the modularity of ramification points plays a crucial important role, and in this example, we can still get the modularity property of ramification points.
In this section, I will focus on a concrete and easy subfamily to simplify computation and highlight the idea.
Take 1-dimensional subfamily by letting , and then the mirror curve subfamily becomes
Denote this subfamily by C. In this subfamily, it is enough to choose framing f = 0. Denote X =X that appears in section 2.
Primary definition of modular form
In this subsection, I will introduce some basic and necessary definition of modular forms. See [DS05] . 
(2) f (τ) is holomorphic at ∞ . Denote the ring to be M k (Γ).
Example 3.2. Weight 4 and 6 Eisenstein modular form
(3.4) Definition 3.3. A holomorphic function f : H −→ C is a quasi-modular form if (1)
f j is holomorphic function.
(2) f is holomorphic at ∞. Denote this ring to be M k (Γ).
Example 3.4. An example of quasi-modular form is weight 2 Eisenstein series.
(3.6) Definition 3.5. Almost holomophic modular form of weight k is an antiholomorphic function f : H −→ C satisfying, (1) f behaves like modular forms under group action
(2) f (τ) can be expanded as polynomial of In this article, we will deal with modular forms with non-trial multiplier system because of η function which is an modular form with non-trivial multiplier system, so modular form in this article means modular form with multiplier system. Definition 3.6. Jacobi form of weight k index m of a group Γ is a holomorphic function φ :
n,r C(n, r)e 2πi(nτ+rz) , (3.10) C(n, r) = 0 unless 4mn ≥ r 2 .
J(Γ) denotes the ring of Jacobi forms of group Γ. Let J (Γ) denote the ring of meromorphic Jacobi forms which is the fractional field of J(Γ). 
(3.11)
℘ ′ (z) is meromorphic Jacobi form for SL(2, Z) of weight 3.
Quasi-meromorphic Jacobi forms ring J (Γ) := J (Γ) ⊗ M(Γ), and almost meromorphic holomorphic modular form is J (Γ) = J (Γ) ⊗ M(Γ) .
℘-Uniformization of mirror curve
Every elliptic curve is birationally equivalent to Weierstrass normal form by calssical theory of elliptic curves, and there is a simple procedure called Nagell's algorithm to carry the birational transformition [Con96] . Fix a Torelli marking {A, B} of C q and a holomorphic 1-form ω, such that
(3.12)
Fixing a base point o, we have Abel-Jacobi map
In order to do ℘-uniformization, change coordinate firstly
Then mirror curve is transformed to
which is a Hesse pencil curve. Uniformization of (3.15) is Under birational transformation, (3.15) becomes 
, and it is a Hauptmodul of Γ(3). and κ is a modualr form of weight 1 with some multiplier system. By coordinate transformition (3.2), we get the uniformization of mirror curve (3.2).
Ramification point
Let R = {r ∈ C r , d| p (X) = 0} be set of ramification points, they are not necessary to be ramification points, but in the subfamily we choose now, ramification points still have modularity property. Since r ∈ R is the intersection of the following two plane curves
which give us 9 ramification points. Explicitly, Y 3 has 3 different solutions. 
Then we can get the coresponding X kj by equation (3.25). From the expression of solutions in (3.26), we can see that all X kj , Y kj are invariant under some group action Γ < Γ 0 (3). Let u r be the u-coordinate of ramification point r ∈ R. By the inverse map of uniformization, we can get the following lemma directly.
Lemma 3.9. ℘(u r ) and ℘ ′ (u r ) are meromorphic modular forms of group Γ of weight 2 and 3 respectively. Lemma 3.10. Let r 1 , r 2 ∈ R be two ramification points, then ℘(u r 1 − u r 2 ) and ℘ ′ (u r 1 − u r 2 ) are all modular forms.
Proof. Since we have relation
Therefore by lemma 3.9, we can get both ℘(u r 1 − u r 2 ) and ℘ ′ (u r 1 − u r 2 ) are modular forms of weight 2 and 3 respectively.
Involution can only be defined locally near ramification points in this example. Assume p = (X, Y) ∈ C q near ramification point (X kj , Y kj ), then we have p * = (X, Y * ), and
4 Modularity of open-closed Gromov-Witten invariants
Bergman kernel
We will use Schiffer kernel instead of Bergman kernel. To simplify notation, use u p instead of u(p) and ω g,n replacing ω 0 g,n since we fix framing f = 0. In the recursion, we need to expand S(p, q) and d −1 S(p, q) as power series of u q − u r , and take their coefficients, so we firstly need to study their coefficients carefully and prove that they are all almost meromorphic modular forms or almost meromorphic Jacobi forms.
Near ramification point r,
S (k) (u p − u r ) is obviously meromorphic Jacobi form. Near ramification point r ∈ R, u q * can be expressed as function of Y.
In the above expansion,
It is a meromorphic modular form when taking value at ramification points by Lemma 3.8.
Similarly, use chain rule to get
, and we can prove it is also a meromorphic modular form when taking value at ramification points. Additionally, we have relation
with g 2 , g 3 given in (3.23). Therefore coefficient of (u p − u r ) k in expansion of d −1 S(p, q), denoted by S k , is a polynomial of ℘ ′ and ℘ with almost meromorphic modular form as coefficients, so S k is almost-meromorphic Jacobi form. Additionally, in S k , the order of differential of ℘(u p − u r ) is no more than k − 1, so at ramification point r ∈ R, S k has order of pole no more than k + 1. Similarly for S(u p − u r ). Collect these results as a lemma for later use, Lemma 4.1. Expanded near ramification point r,
Then the coefficient S k is an almost meromorphic Jacobi form as a polynomial of ℘ ′ (u p − u r ) and ℘(u p − u r ). Further, S k only has poles at ramification point r, and the order of pole is no more than k + 1. Similarly, S(u p − u q * ) can be expanded as power series of (u q − u r ) whose coefficients are almost meromorphic Jacobi form and coefficient of (u q − u r ) k has pole at r of order no more than k + 2.
λ
According to above subsection, we know
When expanded in Jacobi coordinate u, 
Modularity of Gromove-Witten invariants
Apply Eynard-Orantin recursion, we can get ω g,n , and it has similar properties as in [FRZZ18] . Theorem 4.3.
1. ω g,n (u 1 , · · · , u n ) is symmetric in its argumengs, and only has poles at ramification points R. At each ramification point, the order of pole of each argument is no more than 6g + 2n − 4, and total order of pole of all arguments is no more than 6g + 4n − 6.
2. ω g,n (u 1 , · · · , u n ) is a polynomial of S(u i − u r ) and S ′ (u i − u r ) with coefficients lying in the ring of almost meromorphic modular forms,
So, ω g,n is an almost meromorphic Jacobi form in the differential ring
(4.14)
3. For g ≥ 2, F g = Proof. According construction in [FLT12] , the open mirror map is given bỹ X = A(q)X , (4.19)
Then we have,
where ξ 3 is 3 order root of 1. Since (ρ l 1 ···l n ) * ω g,n is the expansion of ω g,n near the open GW point ν l i for argument X i , it is power series of X i with quasi-meromorphic modular forms as coefficients. Hence N d 1 ···d n k 1 ···k n is a quasi-meromorphic modular form.
Remark 4.8. This subfamily I choose now is just to simplify computation, the method can be hopefully extended to more general subfamily as follows. 1. Every cubic curve is birational to a Weierstrass normal form, hence we can get uniformization of a general cubic (2.11), and coordinate X , Y are rational functions of ℘, ℘ ′ with coefficients in a filed which is a finite extension of field C(a 1 , · · · , a 7 ). By a proper choice of one-dimensional subfamily, all a i are modular functions for some congruence subgroup Γ ⊂ SL(2, Z). See [Con96] .
